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a b s t r a c t
A digraph D is a union of quasi-transitive digraphs if its arcs can be partitioned into sets A1
and A2 such that the induced subdigraph D[Ai] (i = 1, 2) is quasi-transitive. Let D be an
m-colored asymmetric union of quasi-transitive digraphs such that every chromatic class
is completely included in D[Ai] for some i = 1, 2 and is quasi-transitive. We show that if
D does not contain 3-colored triangles (directed cycles and transitive subtournaments of
order 3), then D has a kernel by monochromatic directed paths.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The problem of finding sufficient conditions for the existence of kernels by monochromatic directed paths (m.d.p.) in
general digraphs, or at least in broader classes of them, is quite difficult. The definition of this object was introduced in [2].
There is already an extensive literature on these kinds of problems (see for example [9,7] andmore recently, [10]). Basically,
the stated conditions of the theorems are about the colorings of structures like cycles, paths, small sized subtournaments,
vertex neighborhoods, etc. Colorings range from mono- to polychromaticity. We can trace the origins of kernels by m.d.p.
to a problem due to Erdős and later, to a classical theorem by Sands, Sauer and Woodrow (see [8] for details).
Quasi-transitive digraphs were introduced in [6] and are a well-known generalization of tournaments. A very useful
structural characterization of quasi-transitive digraphs was given in [1].
A kernel N of a digraph D is an independent set of vertices such that for every w ∈ V (D) \ N there exists an arc from w
to N . In [4], the following result was proved: Let D be a digraph (possibly infinite) and suppose that D = D1 ∪ D2, where
Di is a quasi-transitive digraph which contains no asymmetrical infinite outward path (in Di) for i ∈ {1, 2}, and that every
directed cycle of length 3 contained in D has at least two symmetrical arcs, then D has a kernel.
In [5], the authors began the study of kernels by m.d.p. inm-colored digraphs Dwith quasi-transitive chromatic classes.
In that paper, some results were proved on the existence of kernels by m.d.p. provided certain conditions for the colorings
of the cycles are fulfilled.
In this paper, we show a colored version of the main theorem of [4] in a certain sense. In particular, it is proved that if an
m-colored digraph D = D1 ∪ D2, where Di is a quasi-transitive digraph for i ∈ {1, 2}, satisfies that
(i) every chromatic class induces a quasi-transitive digraph,
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(ii) every chromatic class is contained in Di for some i ∈ {1, 2} and
(iii) D contains neither 3-colored directed triangles nor 3-colored transitive subtournaments of order 3,
then D has a kernel by m.d.p.
2. Preliminaries
LetD = (V , A) be a finite digraph, where V and A denote the sets of vertices and arcs ofD respectively. For∅ 6= S ⊆ V (D)
(resp.∅ 6= S ⊆ A(D))wedenote byD[S] the induced (resp. arc-induced) subdigraph ofDby the subset S. An arc (u, v) ∈ A(D)
(or simply, u −→ v) is asymmetrical (resp. symmetrical) if (v, u) 6∈ A(D) (resp. (v, u) ∈ A(D)).We denote by d+D (u) and d−D (u)
the outdegree and indegree of a vertex u in D.
A digraphD is said to be asymmetrical (resp. symmetrical) if every arc ofD is asymmetrical (resp. symmetrical).We denote
by [u, v] the existence of the arc u −→ v or the arc v −→ u. A semicomplete digraph D has no pair of nonadjacent vertices.
A digraph D is said to be m-colored if the arcs of D are colored with m colors. Given u, v ∈ V (D), a directed path from u
to v of D ismonochromatic if all its arcs have the same color. Directed paths and monochromatic directed paths from u to v
are denoted by u ; v and u;m v, respectively. A subdigraph D′ of D is called 3-colored if its arcs are colored with exactly
three colors.
Let D be an m-colored digraph. A nonempty set S ⊆ V (D) is an absorbent set by m.d.p. if for every vertex u ∈ V (D) − S
there exists v ∈ S such that u;m v. The set S is independent by m.d.p. if for every u, v ∈ S there is no m.d.p between u and
v. A set K ⊆ V (D) is called a kernel by m.d.p. if K is an absorbent and independent set by m.d.p.
We denote by
−→
C 3 and TT3 the directed triangle and the transitive tournament with three vertices, respectively. We will
simply call both of them triangles.
A digraphD is called quasi-transitive if whenever distinct vertices x, y, z ∈ V (D) such that (x, y) ∈ A(D) and (y, z) ∈ A(D),
there exists at least (x, z) ∈ A(D) or (z, x) ∈ A(D). Let P = {A1, A2} be a partition of A(D) such that Dj = D[Aj] is quasi-
transitive, j ∈ {1, 2}. The digraph D is said to be a union of quasi-transitive digraphs if D = D[A1] ∪ D[A2].
Let D be an m-colored digraph. A chromatic class of D is the set of arcs of a same color. We say that a chromatic class C
is quasi-transitive if D[C] is a quasi-transitive digraph. Abusing the notation, we will denote the arc-induced subdigraph by
the chromatic class with its color.
Proposition 1 ([1], Proposition 3.1). Let D be a quasi-transitive digraph. Suppose that P = (x1, x2, . . . , xk) is a minimal directed
path x1 ; xk. Then D[V (P)] is a semicomplete digraph and (xj, xi) ∈ A(D) for every j > i + 1, unless k = 4, in which case the
arc between x1 and xk may be absent.
Corollary 1 ([1], Corollary 3.2). If a quasi-transitive digraph D has a directed path x ; y but (x, y) 6∈ A(D), then either
(y, x) ∈ A(D), or ∃u, v ∈ V (D) \ {x, y} such that
x −→ u −→ v −→ y and
y −→ u −→ v −→ x
are directed paths in D.
Let H be a subdigraph of D. We say that S ⊆ V (D) is a semikernel by m.d.p. modulo H of D (the colored generalization of
the Definition 1.3 given in [3]) if
(i) S is independent by m.d.p. in D and
(ii) ∀z ∈ S : if ∃z;m x in D \ H , then ∃ x;m s in D for some s ∈ S.
3. Previous results
Lemma 1. Let D be an m-colored digraph such that every chromatic class Ck is quasi-transitive and u, v ∈ V (D). If ∃u ; v and
@v ; u in Ck, for some k ∈ {1, 2, . . . ,m}, then (u, v) ∈ Ck.
Proof. Let u ; v in Ck of minimum length. By Corollary 1, exactly one of the following conditions holds:
(i) (u, v) ∈ Ck, or
(ii) (v, u) ∈ Ck or
(iii) ∃ x, y ∈ V (D) \ {u, v} such that
u −→ x −→ y −→ v and
v −→ x −→ y −→ u
are directed paths in D.
Since @ v ; u in Ck, neither (ii) nor (iii) holds. 
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Fig. 1. Proof of Lemma 1.
Lemma 2. Let D = D1 ∪ D2 be a finite m-colored asymmetrical union of quasi-transitive digraphs such that
(i) every chromatic class is quasi-transitive,
(ii) if C is a chromatic class, then C ⊆ Aj for some j ∈ {1, 2} and
(iii) D does not contain 3-colored triangles.
Then @γ = (u0, u1, . . . , un, u0) a directed cycle in Dj such that
∀i ∈ {0, 1, . . . , n} @ui+1;m ui in Dj
for j ∈ {1, 2} (indices are taken modulo n+ 1).
Proof. (i) By contradiction, suppose that there exists a directed cycle γ of minimum length with the described properties.
There exists a change of color in the arcs of γ (otherwise γ would be monochromatic and thus ∃ui+1;m ui in D1 for every
i ∈ {0, 1, . . . , n}, which contradicts our supposition). Once more, we can assume without loss of generality that (u0, u1) is
of color 1 and (u1, u2) is of color 2. Since D1 is quasi-transitive, then ∃[u0, u2] ∈ A(D1). If (u2, u0) ∈ A(D1), then it is of color
1 or 2 (another color is impossible since D does not contain 3-colored
−→
C 3). If it is of color 1, then ∃u2;m u1 of color 1, a
contradiction. If it is of color 2, then ∃u1;m u0 of color 2, a contradiction. So, ∃(u0, u2) ∈ A(D1).
(ii) Since γ is ofminimum length, then ∃u2;m u0 inD1. Let δ = (u2 = v0, v1, . . . , vp = u0) be the directed path u2;m u0
contained inD1 (see Fig. 1). If δ is of color 1 or 2, then ∃u2 ; u0 −→ u1 of color 1 or ∃u1 −→ u2 ; u0 of color 2, respectively,
a contradiction in both cases. So, δ is of color 3.
(iii) Since D1 is quasi-transitive, ∃ [u1, v1] ∈ A(D1) and it is not of color 1 since D does not contain 3-colored triangles. It
is not of color 3, otherwise if (u1, v1) ∈ A(D1) or (v1, u1) ∈ A(D1), then ∃u1 −→ v1 ; vp = u0 or ∃u2 −→ v1 −→ u1 in
D1 of color 3, respectively, a contradiction. So the arc is of color 2 and moreover, (u1, v1) ∈ A(D1). If (v1, u1) ∈ A(D1), then
since D is asymmetrical, @(v1, v0) ∈ A(D1) and (v0, v1)would be of color 2, a contradiction. Similarly, ∃[u1, v2] ∈ A(D1) and
it is of color 2. With the same reasoning, (u1, v2) ∈ A(D1). The procedure continues to conclude that (u1, vp−1) ∈ A(D1) and
of color 2, so (u1, vp−1, vp, u1) is a 3-colored
−→
C 3, which is a contradiction. 
Corollary 2. Let D = D1 ∪ D2 be a finite m-colored asymmetrical union of quasi-transitive digraphs such that
(i) every chromatic class is quasi-transitive,
(ii) if C is a chromatic class, then C ⊆ Aj for some j ∈ {1, 2} and
(iii) D does not contain 3-colored triangles.
Then ∃{yj} ⊆ V (D) such that {yj} is a semikernel by m.d.p. modulo Dj of D for j ∈ {1, 2}.
Proof. By the definition of semikernel, we show that for j ∈ {1, 2}∃yj ∈ V (Dj) such that if ∃yj;m x in D \ Dj, then ∃ x;m yj
in Dj. Without loss of generality, let j = 1. By contradiction, let us suppose that @y;m x in D1 with this property.
Let u0 ∈ V (D1). Therefore, ∃u1 ∈ V (D1) such that ∃u0;m u1 in D1 and @u1;m u0 in D1 (recall that by supposition,
@y;m x in D1). Since u0 ; u1 is monochromatic, then u0 ; u1 belongs to Ck for some k ∈ {1, 2, . . . ,m}. By Lemma 1,
(u0, u1) ∈ A(D1). Thus ∃u2 ∈ V (D1) such that ∃u1;m u2 in D1 and @u2;m u1 in D1. As done before, (u1, u2) ∈ A(D1).
Continuing the procedure and sinceD is finite,we obtain a directed cycle γ = (u0, u1, . . . , un, u0) inD1 such that∃ui;m ui+1
inD1 and @ui+1;m ui inD1 for∀i ∈ {0, 1, . . . , n} (indices are takenmodulo n+1).We obtain a contradiction to Lemma2. 
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4. Main theorem
Theorem 1. Let D = D1 ∪ D2 be a finite m-colored asymmetrical union of quasi-transitive digraphs such that
(i) every chromatic class is quasi-transitive,
(ii) if C is a chromatic class, then C ⊆ Aj for some j ∈ {1, 2} and
(iii) D does not contain 3-colored triangles.
Then D has a kernel by m.d.p.
Proof. Without loss of generality, suppose that j = 1. Let
S = {S ⊆ V (D) : S is a nonempty semikernel by m.d.p. modulo D1} .
Observe that by Corollary 2, there exists a semikernel by m.d.p. modulo D1 and thus S 6= ∅. We define a digraph DS by
V (DS) = S and (S1, S2) ∈ A(DS) if and only if ∀s1 ∈ S1∃s2 ∈ S2 such that
(i) s1 = s2 or
(ii) ∃s1;m s2 in D1 and @s2;m s1 in D1. 
Claim 1. DS is acyclic.
By contradiction, suppose that DS contains a directed cycle α = (S0, S1, . . . , Sq, S0) where q ≥ 2. Notice that ∃l ∈
{0, 1, . . . , q} such that Sl 6⊆ Sl+1 (indices are taken modulo q + 1), if such l does not exist, then S0 = S1 = · · · = Sq. Let
l1 ∈ {0, 1, . . . , q} such that Sl1 6⊆ Sl1+1. Therefore ∃y1 ∈ Sl1 such that y1 6∈ Sl1+1. By the definition of DS, ∃y2 ∈ Sl1+1
such that ∃y1;m y2 in D1 and @y2;m y1 in D1. Applying Lemma 1, ∃(y1, y2) ∈ A(D1). Observe that ∃ l2 ∈ {0, 1, . . . , q}
minimum such that y2 6∈ Sl2 . Otherwise, y2 ∈ Sl1 and (y1, y2) ∈ A(D[Sl1 ]), a contradiction since Sl1 is independent by m.d.p.
Since l2 is minimum, y2 ∈ Sl2−1. Once more, by the definition of DS, ∃y3 ∈ Sl2 such that ∃y2;m y3 in D1 and @y3;m y2
in D1. By Lemma 1, ∃ (y2, y3) ∈ A(D1). We continue this procedure. Since D is finite, then without loss of generality,
∃β = (y1, y2, . . . , yt , y1) inD1 such that @yi+1;m yi for∀i ∈ {1, 2, . . . , t} (modulo t).We obtain a contradiction to Lemma2,
concluding the proof of the claim.
Claim 2. If S0 ∈ V (DS) such that d+DS(S0) = 0 (such S0 exists since DS is acyclic), then S0 is a kernel by m.d.p. of D.
First, observe that S0 is independent by m.d.p. (it is a semikernel by m.d.p. modulo D1 of D). If S0 is absorbent by m.d.p.,
we are done. So, let us suppose that S0 is not absorbent by m.d.p. Define the nonempty set
X = {x ∈ V (D) : @x;m swith s ∈ S0}
and denote H = D[X] and H = H1 ∪ H2. The digraph H inherits the properties of D and so, by Corollary 2, ∃{x0} ⊆
V (H) ∩ V (D2) = V (H2) such that {x0} is a semikernel by m.d.p. modulo H1 of H . Consider {A, B} a partition of S0 such
that
A = {s ∈ S0 : ∃s;m x0 in D1} and B = S0 \ A.
By the definition of X and Lemma 1,
A = {s ∈ S0 : ∃s −→ x0 in D1}.
Let us consider the set B ∪ {x0}. It is independent by m.d.p. noting that there does not exist m.d.p. from a vertex of B to
x0 neither in D1 (by the definition of B) nor in D2 (by the definitions of S0 and x0 ∈ X).
We will prove that B ∪ {x0} is a semikernel by m.d.p. modulo D1 in D. It is only left to show that ∀t ∈ B ∪ {x0}∃t;m y in
D2. We consider the following two cases:
Case 1. ∃ x0;m y in D2.
Case 1.1. y ∈ X . Then ∃y;m x0 in D by the definition of x0 ∈ X .
Case 1.2. y 6∈ X . If ∃y;m x0 in D, we conclude the proof. Otherwise, ∃y;m z in D with z ∈ S0 and by Lemma 1,
∃(x0, y) ∈ A(D2). If z ∈ B, we are done. So, let us suppose that z ∈ A.
Case 1.2.1. y;m z is contained in D1 (see Fig. 2).
Let γ = (y = w0, w1, . . . , wl = z) be the m.d.p. y;m z with l ≥ 1 and suppose that (z, x0) ∈ A(D1) (recall that since
z ∈ A, we have that (z, x0) ∈ A(D1)) is of color 1 and (x0, y) ∈ A(D2) is of color 2 (the colors are distinct since the chromatic
classes are distinct). Observe that γ is neither of color 1 (otherwise, we conclude the proof) nor of color 2 (because it is
contained in D1). So, assume that γ is of color 3.
Therefore, wl−1 −→ z −→ x0 is contained in D1. Since D1 is quasi-transitive, ∃[wl−1, x0] ∈ A(D1) and it is of color 1 or
3 (there are not 3-colored triangles). If ∃(x0, wl−1) ∈ A(D1), then it is not of color 3 (if it is the case, x0 −→ wl−1 −→ z
is of color 3, a contradiction to the definition of X). If x0 −→ wl−1 is of color 1, then wl−1 −→ z is of color 1 since D is
H. Galeana-Sánchez et al. / Discrete Applied Mathematics 158 (2010) 461–466 465
Fig. 2. Proof of Case 1.2.1 of the main theorem.
Fig. 3. Proof of Case 1.2.2 of the main theorem.
asymmetrical and C1 is quasi-transitive, a contradiction, so x0 −→ wl−1 is of color 3. Thus, ∃(wl−1, x0) ∈ A(D1) and it is not
of color 3 (otherwise, ∃y ; wl−1 −→ x0 of color 3 and we are done). Sowl−1 −→ x0 is of color 1.
Similarly, ∃[wl−2, x0] ∈ A(D1) and it is of color 1 or 3. If ∃(x0, wl−2) ∈ A(D1), then it is not of color 3 (if it is the case,
x0 −→ wl−2 −→ wl−1 −→ z is of color 3, a contradiction to the definition of X). If x0 −→ wl−2 is of color 1, then
wl−2 −→ wl−1 is of color 1 since D is asymmetrical and C1 is quasi-transitive, a contradiction, so it is of color 3. Thus,
∃(wl−2, x0) ∈ A(D1) and it is not of color 3 (otherwise, ∃y ; wl−2 −→ x0 of color 3 and we are done). So wl−2 −→ x0 is of
color 1.
This procedure continues to conclude that ∃(w1, x0) ∈ A(D1) of color 1. Then (y, w1, x0, y) is a 3-colored −→C 3, a
contradiction and Case 1.2.1 is finished.
Case 1.2.2. y;m z is contained in D2 (see Fig. 3). Analogous to Case 1.2.1 (use the arc x0 −→ y in the role of z −→ x0).
Case 2. ∃t;m y in D2 with t ∈ B.
If ∃y;m t ′ with t ′ ∈ B, we are done. If @y;m t ′, in particular @y;m t and by Lemma 1, ∃(t, y) ∈ A(D2). Suppose that
t −→ y is of color 2 and z −→ x0 is of color 1. Let γ = (y = w0, w1, . . . , wl = z) be the m.d.p. y;m z with l ≥ 1. The
directed path γ is neither of color 1 (if it is the case, then ∃y ; z −→ x0 of color 1 and the proof is finished) nor of color 2
(in this case ∃t ; z of color 2, a contradiction to the fact that S0 is independent by m.d.p.). Let γ be of color 3.
Case 2.1. y;m z is contained in D1 (see Fig. 4).
Since D1 is quasi-transitive, then ∃[wl−1, x0] ∈ A(D1) of color 1 or 3 (there are not 3-colored triangles). If (x0, wl−1) ∈
A(D1), then it cannot be of color 3 (otherwise, ∃x0 −→ wl−1 −→ z of color 3, a contradiction to the definition of A and
X). If x0 −→ wl−1 is of color 1, then wl−1 −→ z is of color 1 since D is asymmetrical and C1 is quasi-transitive, which is
a contradiction since wl−1 −→ z is of color 3. Therefore ∃(wl−1, x0) ∈ A(D1). If it is of color 3, then ∃y ; wl−1 −→ x0
of color 3 and the proof is finished. Thus, suppose that wl−1 −→ x0 is of color 1. Analogously, ∃[wl−2, x0] ∈ A(D1). If
∃(x0, wl−2) ∈ A(D1) and it is of color 3, then ∃x0 −→ wl−2 −→ wl−1 −→ z of color 3, a contradiction to the definition
of X . If x0 −→ wl−2 is of color 1, then wl−2 −→ wl−1 is of color 1 since D is asymmetrical and C1 is quasi-transitive, a
contradiction, wl−2 −→ wl−1 is of color 3. So, ∃(wl−2, x0) ∈ A(D1). If it is of color 3, then ∃y ; wl−2 −→ x0 of color 3 and
the proof is finished. Thus let us suppose thatwl−2 −→ x0 is of color 1.
The procedure continues until either y;m x0 of color 3 or y −→ x0 of color 1 is obtained. In both cases, x0 absorbs y and
Case 2.1 is concluded.
Case 2.2. y;m z is contained in D2 (see Fig. 5).
We use the notation for y;m z as defined in Case 1.2.1. Since D2 is quasi-transitive, then ∃[t, w1] ∈ A(D2) and it is of
color 2 or 3. If ∃(w1, t) ∈ A(D2) and it has color 3, we arrive to a contradiction, D is asymmetrical and C3 is quasi-transitive.
If it is of color 2, then analogously y −→ w1 is of color 2, a contradiction. Thus ∃t −→ w1. It cannot be of color 3 since then
∃t −→ w1 −→ z of color 3, a contradiction to the fact that S0 is independent bym.d.p. So t −→ w1 is of color 2. Continuing
this procedure, we obtain that ∃(t, wm) ∈ A(D2) of color 2 for m = 1, 2, . . . , l. This is a contradiction to the independence
by m.d.p. of S0 and the case is done.
With all this, we have proved that B ∪ {x0} is a semikernel by m.d.p. modulo D1 in D.
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Fig. 4. Proof of Case 2.1 of the main theorem.
Fig. 5. Proof of Case 2.2 of the main theorem.
Finally, by the definition of DS, ∃(S0, B ∪ {x0}) ∈ A(DS), a contradiction since d+DS(S0) = 0. Claim 2 and the theorem are
proved. 
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